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ABSTRACT: We examine the correspondence between the anti-de Sitter (AdS) description
of conformal field theories (CFTs) and the unparticle description of CFTs. We show how
unparticle actions are equivalent to holographic boundary actions for fields in AdS, and how
massive unparticles provide a new type of infrared cutoff that can be simply implemented
in AdS by a soft breaking of conformal symmetry. We also show that processes involving
scalar unparticles with dimensions dy < 2 or fermion unparticles with dimensions dy < 5/2
are insensitive to ultraviolet cutoff effects. Finally we show that gauge interactions for
unparticles can be described by bulk gauge interactions in AdS and that they correspond
to minimal gauging of the non-local effective action, and we compute the fermion unparticle
production cross-section.
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1. Introduction

Recently Georgi [[I], P proposed a new way of dealing with conformal field theories (CFTs).
The exact propagator of a gauge invariant field is fixed up to a normalization by the
scaling dimension of the field. The corresponding final state phase space looks like that
of a non-integer number of particles, and so Georgi dubbed them unparticles. Weakly
coupled field theories in anti-de Sitter (AdS) space provide another way of approaching
large N CFTs by means of the AdS/CFT correspondence [[J]. Since unparticles and AdS
theories can in principle both describe the same CFT there must be a way to translate
results from one approach into the other. As is often the case, this is not merely a trivial
exercise, since problems that are difficult to solve in one language turn out to be easy to
solve in the other. In this paper we will work through several cases where insights from
AdS provide new clarity to the unparticle description and also where insights from the
unparticle description lead to new developments in the AdS description.

In [A] we proposed using an effective (non-local) action to work with unparticles. This
action is completely fixed by requiring that it gives the correct unparticle propagator.
Using this effective action it is a relatively straightforward exercise to gauge the global



symmetries and to derive the Feynman vertices for gauge interactions [J—[]. However the
resulting inclusive scalar unparticle production cross-section via gauge bosons only makes
sense for scaling dimensions below two. If the cross-section is extrapolated to scaling
dimensions above two it turns negative. Clearly the effective action cannot be used for
scaling dimensions above two, but it would be nice to have a simple physics explanation.
Such an explanation will arise in this paper.

Another issue related to gauge interactions is the question of whether it is theoreti-
cally consistent to consider minimal coupling of an unparticle to an ordinary gauge boson,
neglecting the possible mixing of the gauge bosons with spin one CFT states with the same
gauge quantum numbers. In the AdS description this mixing typically results in the absence
of a normalizable zero mode gauge boson corresponding in 4D to the gauge coupling being
driven to zero in the infrared (IR) by the large N CFT. Finally, unparticles with standard
model gauge charges are compatible with low energy experiments in the real world only if
their effects are somehow cut off at low energies. Some phenomenological proposals for how
to break the unparticle conformal invariance at low energies exist [§, f], however it is not
clear if it is possible to do so while preserving a continuum of states above the threshold
and without introducing light particle resonances, whose presence would completely spoil
the unparticle approximation. Naively one might suspect that introducing an IR cutoff
in AdS corresponds to confinement in the CFT and thus produces towers of Kaluza-Klein
(KK) modes rather than just cutting off the bottom of a continuum. In [ff] we suggested
that solving the problem of the IR cutoff can also solve the problem of the gauge coupling
being driven to zero. The idea is most simply illustrated by considering a Banks-Zaks
model [g. A large N Yang-Mills theory can be tuned to have a weak IR fixed point by
adjusting the number of fermions so that the one-loop 3 function coefficient is very small
and the two-loop term has the opposite sign. We can weakly gauge a subgroup of the
global symmetry by letting two of the (Weyl) fermions have opposite perturbative U(1)
gauge charges. Since the fermions are massless they will drive the U(1) gauge coupling to
zero in the IR. If we give the fermions with the U(1) charges a Dirac mass, then they will
no longer contribute to the running below this mass and the U(1) gauge coupling will not
run to zero. The absence of this fermion in the IR will change the value of the Banks-Zaks
IR fixed point by an amount of O(1/N). Since the massive fermion has a finite anomalous
dimension it will look like an unparticle above its mass but the phase space will be cutoff
below the mass. There is no possibility of any confining behavior in this model, so it is an
existence proof that we should be able to introduce an IR cutoff for unparticles that does
not correspond to confinement.

In this paper we will show how such an IR cutoff can be introduced in AdS and
that it reproduces exactly the simple IR cutoff used for unparticles and does not give a
spectrum like a confining theory. We will also show how the zero mode gauge boson can
be normalizable in AdS without an IR brane.

The outline of the paper is as follows. In section 2 we extend the unparticle formalism
to fermions and show that the results correspond exactly with those of the AdS/CFT
correspondence. In section 3 we show how holographic boundary actions are related by
a Legendre transformation to unparticle actions. In section 4 we describe a new type of



IR cutoff for AdS that reproduces the massive unparticle ansatz without KK resonances.
The case of scalar unparticle thresholds is discussed completely while some of the details
of the fermion unparticle thresholds are left for an appendix. In section 5 we show how
the bulk gauge action must be modified so that the corresponding 4D 3 function behaves
correctly and how this leads to a normalizable zero mode. In section 6 we discuss inclusive
production cross-sections, what happens when the scalar dimension goes above two, and
how the results are extended to unfermions, summarizing the Feynman rules for scalar and
fermion unparticles in an appendix. Finally we give our conclusions in section 7.

2. Fermion unparticles and AdS

As a warm up, we will first analyze the relation between fermion unparticles and bulk
fields in AdSs. The correspondence between scaling dimensions for fermions in AdSs with
an ultraviolet (UV) cutoff has been analyzed in ref. [I(J] and in AdS; with supersymmetry
in [L1f], so we will simply sketch the analysis and refer to these references for further details.
We focus on fermions here because the case of scalar fields and unparticles has been already
considered in some detail in the literature (see [[4, [[] and [[[§]); furthermore in the scalar
case there is a non trivial transition to dimensions less than two [[4], which is absent in
the fermion case. We will comment on this issue in the next section because dimensions
between one and two are actually the most interesting range for scalar unparticle physics.
Finally, as it was pointed out in @], using a supersymmetric formalism with off-shell
auxiliary fields, fermions and scalars can be treated in a similar fashion and in particular
the subtleties for scalar dimensions below two can be removed.

Let us first define fermion unparticles in analogy to the scalar case [l]: we take the
propagator of a left-handed fermion operator © with scaling dimension dy to be given by

As(p,dy) = / d'a P (0| TO ()07 (0)[0)

_ Adf_1/2/ (M2)ds=5/2__ 7 Pu___ ot'pyu dM?2

2mi p? — M? + ie
Ad,—1/2 dr—5
_ A m AL e 2.1
Yicosdyr (o"pu) (— P i€) +... . (2.1)

This is, of course, is the form one finds for a massless fermion propagator after resumming
collinear emissions of a massless gauge boson [[3, [3]. We can fix the normalization [[[7]

1670/ I'(dy)
Ag,_1/2 = 2.2
=12 (9m)2d =1 T(dy — 3/2) [(2d; — 1) (22)
so that in the limit dy — 3/2 we find
iotp
Af(p,3/2) = = 2.3
r(p,3/2) i) (2.3)

!Note that we could have chosen o - p + M in the numerator of eq. (@) this would have generated a

dy—3/2

non-local Dirac (or Majorana) mass that scales like (—p* — i€) and whose coefficient vanishes in the

dy — 3/2 limit. Our choice is the simplest one, and also what we obtain from a single bulk field in AdS [E]



and we recover the usual particle propagator for a left-handed fermion. Note that df—1/2 =
dy — spin is what is conventionally known as the “twist” of the operator. Let us finally
recall that for a right-handed unparticle we simply replace o#p, with #p,. Taking the
discontinuity across the cut from eq. (B.]) we find the phase space factor

A (p,df) = Ag,—120 (1°) 60 () (o"pp) (p°) Y~ (2.4)
which, in the limit dy — 3/2, becomes the usual phase space factor for a massless fermion:
d®¢(p,3/2) =27 0 (p°) (o"p,.) 6(p°) - (2:5)

Note however that the propagator in eq. (R.I]) is not well defined for df > 5/2: in
fact, for large scaling dimensions, the integral is divergent and the propagator becomes UV
sensitive. Therefore (just as with scalars with ds > 2) other terms, that depend on the UV
completion of the theory, must be added to the propagator (and are represented by the
dots in eq. (B.D])). Another way to formulate the problem is that for dy > 5/2, Georgi’s
propagator is dominated by large momenta. On the other hand, the phase space derived
from such propagator, is well behaved for all dimensions (dy > 3/2). We will comment
more on this point by the end of this section.

Let us now compare the fermion unparticle analysis to fermions in AdSs. We will use
the conformally flat metric

2
ds? = 15—2 (N dztdzt — dz2) , (2.6)

with a brane at z = ¢, which represents a UV cutoff Ayy ~ 1/€, and the space extending
to infinity [[§]. We write the 5D Dirac fermion ¥ in terms of two Weyl spinors x and v
The 5D Lagrangian is

\1f=<§> . (2.7)
R

o0 4 L ) _ 1 <« e c -
Lsp = / dz{— | | =iX0"Oux — 0" 0u + 5(0- x = X 0= 0) + ~ (vx +xv) |
(2.8)
«— — «—
where 0, = 0, — 0, with the convention that the differential operators act only on the
spinors and not on the metric factors. The bulk equations of motion (EOMs) can be
solved by

x=9(p,z)xa and ¥ = f(p,z)vu, (2.9)

where the 4D plane-wave spinors x4 and 14 satisfy the usual 4D Dirac equation with mass

p=\p*:

—i6" 0y Xa +pha =0 and —io" 9y + pxs = 0. (2.10)
The solutions are linear combinations of Bessel functions
9(p,z) = Az (caJch%(pz) + saJ_C_%(pz)> , (2.11)
5
f(p,z)=Az2 (caJC_%(pz) — saJ_ch%(pz)) ; (2.12)



where ¢ + 52 = 1, and we are assuming, for simplicity, that ¢ +1/2 is not an integer. The
ratio so/cq is determined by the boundary conditions (BCs) in the IR, z — oo, and we
will leave it undetermined for the moment. In fact, the properties of the CFT operator
do not depend on this choice. The normalization A is determined by the BCs on the UV
brane: this depends on which source we couple the CF'T operator to, and also determines
the chirality of the CFT operator.

For instance, a left-handed source coupled to a right-handed CF'T operator corresponds
to fixing the value of the left-handed bulk field on the UV brane:

x(p,€) = xo = go(p) x4, (2.13)

where g is the source field. This BC fixes the normalization factor A:

. 9 e=5/2

caJch% (pe) + saJ_c_% (pe)

(2.14)

After using the bulk EOMs, the bulk action reduces to a pure boundary term on the
UV brane:

=1 <E>4 x(€)ip(e) + h.c. = % <E>4 f(p,€)g(p, €) x4t + h.c.

€

B R 4 caJc_%(pe) — saJ_ch%(pe) XOﬁup,uXO (2 15)
- \e Cadey 1 (P€) + Sad_._1(pe) p ’ '

where we have used egs. (B.10)). Since y is the source for the CFT operator, we can identify
the 2 point correlator of the CFT operator with the kinetic term of yj:

4cqd,_1(pe) — sad_. 1(pe) g1
R) 2 2 LT P (2.16)

OrOR) = Agr(p,c) ~ [ —
< R R> R(p ) < cajc+%(pe)+saj_c_%(p€) p

€

In order to study the properties of the CFT operator, we need to recover exact con-
formal invariance by removing the UV cutoff. We can now expand the Bessel functions for
large UV cutoff, pe <« 1:

3009 = 09" 309" s ity = B S09, @17

where 3, only contains positive and integer powers of p?.

In the case ¢ > —1/2, we find that the propagator splits into a local and a non-
local term

Agr = AR,(local) + AR,(non—local) . (218)



After rescaling xo by R~2¢>~¢, we find:?

AR (ocaty = —€ (T p %, (2.19)
Ao tovat) = Ca 51;50 [( Ee—1/2(pe) + (pe)? Z7c+1/2(219€) E—c+1/2(106)> (2.20)
Sa D Y_c—1/2(pe) X2 1 )a(pe)
I 0(62c+1)] _
From eq. (.20) we can deduce that the dimension of the CFT operator is
dir=2+c for c¢>-1/2, (2.21)

in agreement with Refs L0, [L1]. In the limit ¢ — 0, the non-local part of the propagator
is equal to the unfermion propagator (R.1)), up to a normalization which depends on the
boundary conditions in the IR.

Now consider the local terms. For —1/2 < ¢ < 1/2, the local terms are subleading,
i.e. they will vanish in the limit ¢ — 0. However, for ¢ > 1/2, when the dimension of the
CFT operator is dfr > 5/2, some of the local terms are enhanced by negative powers of
€ and they diverge in the limit ¢ — 0. Such terms are equivalent to the UV sensitivity
of the unfermion propagator (R.)) for dy > 5/2: indeed, one has to add counterterms
on the UV brane to cancel them.? Those counterterms only affect the propagator of the
unparticle, but not the phase space. In fact, when the unparticle propagator mediates
an interaction between ordinary particles, those local terms will generate effective higher
dimension operators. Note also that the coefficient of the local term is independent of the
IR physics and it is completely determined in terms of the AdSs geometry.

In the region ¢ < —1/2, the propagator can be expanded as

o-p Ec—1/2(p€)
p2 Ec-|-1/2(p€)

An(p) ~ O(1%). (2.22)
In the conformal limit, e — 0, we recover the propagator of a massless particle: in this
region, therefore, the theory describes a free massless fermion [[1]. Note that this inter-
pretation differs from the one in ref. [[[(] where the authors are considering a theory with
a fixed UV cutoff rather that taking the limit € — 0 to remove the cutoff and recover pure
CFT behavior.

We can repeat the same analysis for a left-handed CF'T operator by changing the UV
BCs: this corresponds to a different CFT. The physics is again different from ref. [[[(]
where the authors interpreted the two BCs to correspond to equivalent CEFT theories up
to UV localized degrees of freedom: when the UV brane is removed, this interpretation is
not possible. The relevant BC now is

Y(p,€) = o = fo(p) 4, (2.23)

2An expansion of ratios of ¥’s for small arguments is implicitly assumed in this formulas (and in the

following). In this sense A(jocqry contains (infinite) local terms.
3Note that for a given dy, only a finite number of counterterms is necessary.



where g is the right-handed source field. In this case, the CFT propagator is

R\*? cad  1(pe) + saJ_._1(pe) & pH
00L) =A ~ = 2 2 = 2.24
(CIASIH L(p,c) < ; ) Cado (9 — 50T o1 (P P (2.24)
For ¢ < 1/2 we find, after rescaling vy:
Eet1/2(pe)
AL tocar) = €72 (0 - p) =20 2.25
L (toeal) ( Ye_1/2(pe) (2.25)
Sa 0-p | [ E—c—1/2(pe) o Vet1/2(p€) ¥_cy1/2(pe)
A non—local) — —_ + (pe 2.26
Lnon—tocal) = T2 K Y 75 B - B (2:26)
+ 0(61_26):| .
Therefore, the dimension of the left-handed operator is
dy, =2 —c, for ¢<1/2, (2.27)

and the local terms are relevant when ¢ < —1/2 (and dy, > 5/2). Again, for ¢ > 1/2 we
get a free massless fermion. Note finally the relation:

Ag(p, —c) = —AL(p,c). (2.28)

3. Holographic boundary actions and unparticle actions

In the previous section we showed how to relate boundary actions to unparticle propagators.
Boundary actions can also be used as effective unparticle actions in some cases. Consider
for instance a real bulk scalar in AdSs:

3 2 p2
Spulk = %/d‘{r dz (%) <8M¢6M¢+ mk ¢2> . (3.1)

22

We know from the AdS/CFT correspondence that this field corresponds to a CF'T operator
O with scaling dimension

dg=2+v=2+V4+m2R2. (3.2)
For z ~ ¢ the bulk solution of the equation of motion takes the form:

o(p, 2) ~ ¢o(p)(p2)*™ + Blp)(p2)* ™" . (3.3)

In the AdS/CFT correspondence ¢g(p) is associated with the source of the operator O
while 3(p) is associated with the VEV of O. Plugging the solution into the bulk action,
and integrating by parts one finds a holographic boundary action which depends on ¢g:

4
Sholo = %/ (;lw1)94 $o(p)p™ b0 (p) - (3.4)



For ds; > 2 the two-point function of the corresponding operator O is

52 Sholo 5(4)(17‘1'1),) 2\ds—2
X So)oonp) X ot P

For d, < 2 one must perform a Legendre transformation [[[4] which interchanges the source
and the field:

(0" O(p))

(3.5)

4
Stotol8) = Shaalén] + 5 [ 3500150 (36)

and the two-point function of the corresponding operator O is

x 525{1010 x 5(4) (p +p,)
6B(p') 6B(p) (2m)

In both cases we find the correct scaling for the two-point function of an operator of

(O@)OD) (p*)= 2 (3.7)

dimension ds in a 4D CFT. The Legendre transformation interchanges the roles of ¢g and
0, B is now the source and ¢ corresponds to the VEV. Thus for ds; < 2 we have that the
propagator of O and the propagator Ag(p) of the boundary field ¢ are proportional:

W (p+p)

(2m)? (P~ = Au(p) (3.8)

(OP)O(p))

whereas they are inversely related for ds > 2.

As with fermions, there is a direct correspondence between the AdS/CFT description
given above and the unparticle/CFT description of Georgi [[]. For a scaling dimension d;
where 1 < dg < 2 we have

Au(p,ds) = / dia P (0] TO(2) O (0)[0)

27 Jo p? — M? + ie

Ag, i
= Ssmda (i (3.9)

Thus, up to a normalization, we can identify the the holographic boundary action (B.4)
with an effective action for a scalar unparticle for ds < 2. There is a similar effective action
for fermions with scaling dimensions dy < 5/2. Consider a left-handed CFT Weyl fermion
operator © with dimension d; which couples to a right-handed fermion source, tg. In the
AdS/CFT correspondence we consider a bulk Dirac fermion made out of two Weyl fermions:
x which is left-handed and v which is right-handed with a bulk mass ¢. As described in
section [, after using the equations of motion and imposing the boundary condition

x(p,€) =0 and ¥(p,e) = 1o(p), (3.10)

we find a boundary holographic action

1 d* _
Sholo,f = 3 / ﬁ?ﬁo [iU“pu(p2)df_5/2] Yo - (3.11)



This of course implies that 19 has dimension 4 — dy. The two-point function of the CFT
fermion is given by

. 525holoif . W (p+p)
6o (p') 6o (p) (2m)*

Now we can rewrite the boundary holographic action in terms of a the left-handed fermion

(©()e(p)) iotp, (p?) 452 (3.12)

Xo with dimension dy by performing a Legendre transformation in order to interchange the
source and the field:

d*p -
Shoto.f = Sholo,f + / @) [x0to + Xoto] - (3.13)
Solving for g we find
o pu(p?)¥ % 4o + x0 = 0, (3.14)
Yoo pu(®) P +x0 =0 (3.15)

This gives the action in terms of a left-handed fermion

1 [ d'p _[._ _
Sholo.f = 3 / on [w“pu(pZ)?’/2 df] X0 - (3.16)

As in the scalar case, the two point function of the left-handed CF'T fermion is proportional
to the propagator, A¢(p), of the field xo

pry)
CrT T

(O(p)e(p)) = As(p) . (3.17)
So we see that the boundary holographic action S}, o.f approaches the free fermion action
as df — 3/2 and can be used as an effective action for the left-handed CFT fermion when
df <5 / 2.

4. The IR cutoff: soft breaking of conformal invariance

In order to make unparticles with Standard Model (SM) gauge interactions phenomeno-
logically realistic, it is important to break the conformal symmetry so that the unparticle
does not propagate at low invariant mass squared. Another reason is that the SM has
a natural source of conformal symmetry breaking in the Higgs VEV [B, [[d, B(]. Some
phenomenological models of conformal breaking that do preserve the continuum at high
energies have already been proposed in the literature for scalar unparticles [, f: the idea
is to modify the propagator so that the continuum spectrum is cut off below an IR scale

Ag, [ 1
A d) =i s M2 2 ds—Z—dMZ
) = 5 [yt
Aq 2 2 . \ds—2
=j— o el 4.1
Z2sinal87r (,u P ze) + (4.1)



This model can be easily extended to fermion unparticles: the modified propagator is

Ag2 [ B +
Af(p’iu’df) = fi// (M2 —M2)df 5/2AdM2
o

27i 2 p? — M? + ie
Ag;—1)2 dg—5
_ f 2 2 . \df=5/2 4.9
2icosdf7r(/p+'u) (n* —p* —ie) o (4.2)

where p = v*p,. The fermion propagator has the form found for a massive fermion after
resumming collinear emissions of a massless gauge boson [[[2.

In AdSs, the simplest way to introduce an IR cutoff is to cut off the space at large z
with an IR brane RI]. However, this cutoff would turn the CFT into a confining theory
and the spectrum would be a tower of massive states whose spacing in mass is given by the
IR cutoff itself. Can we implement a simple IR cutoff in AdS that preserves the continuum
above the scale u? This would be easily achieved if the propagator were a function of
\/p? — p? instead of \/ﬁ : this happens in flat space, given a bulk mass . In AdS space,
in order to generate a shift of the p? dependence, we need to add a mass term with a profile
along the extra dimension to compensate for the warp factors, for instance generated by
the VEV of a bulk scalar. In the case of a scalar unparticle this is simple to do. We can
add a bulk interaction with a new field H: H¢¢. If H has scaling dimension 2 then its
profile will scale like z? with an appropriate choice of boundary conditions for H. With the
background field solution H = u22? the equation of motion for ¢ (with 4-momentum p) is:

2%, <j—gaz¢> —22(p* — p?)p —m’R*¢ =0 (4.3)

With the boundary condition ¢(p,€) = ¢o(p) the solution is

2)2 aJl,(EZ) + bJ_,,(EZ) (4.4)

¢(p,2) = do(p) (Z aJ,(E€) + bJ_(Ee) ’

where £ = /p? — p2. Tt is now clear that if we had chosen a different power for the IR
growth of the H VEV we could implement a different type of IR cutoff, however other
choices would lead to much more complicated bulk equations of motion, which would not,
in general, have such simple solutions. Adding a mass term to a CFT is a soft breaking of
conformal symmetry that does not change the UV behavior and this calculation seems to
show that in the AdS description this soft breaking corresponds to a spontaneous breaking
of the symmetry. With the simple choice we have made the effective mass term scales with
the same power of z as the kinetic term. Thus in the absence of a VEV for H, the term
H ¢? scales like the kinetic term for ¢ and preserves the SO(4,2) isometry that corresponds
to the conformal symmetry of the 4D theory.

For unfermions things are more complicated. A mass term for a single bulk fermion is
still not enough: we need to have two bulk fields, ¥; with bulk mass ¢;, and W with bulk
mass cgr, and add a cross term like

0 R 5
Lk = / dz (;) AH (xp¥r + XRYL + h.c.) . (4.5)

— 10 —



After the scalar H develops a VEV, AR(H) = v(z), this term will generate a z-dependent
mass term mixing the two bulk fermions. If v(z) = pz, the bulk wave functions depend
on E = \/p? — 12, provided that ¢, = —cr = c¢. The interpretation is clear: the two bulk
fields are two CFT operators O (V) and ©r (Vg) with opposite chirality but the same
anomalous dimension 2 — ¢ thanks to the relation between ¢y and cr. H, on the other
hand, is a scalar field with dimension 1 whose VEV breaks the conformal invariance and
generates a mass term pOpOpg. After imposing the two boundary conditions

Yr(e) =vo = fovs, and xr(€) = X0 = goX4, (4.6)

we can calculate the boundary action (see appendix [A for details)

. _ <§>4 {CaLJc+1/2(E€) — SaLd—c—1/2(E€) oo - piho
boundary CaLJc—1/2(E€) + saLJ—c+1/2(E€) E

€
_ SarJet1/2(Ee) — car_c—1/2(E€) %05 - pxo
SaRJC_l/g(EE) + CaRJ_C+1/2(E6) E

+ %%M(Ee) (vboxo + h.c.)} ,

(4.7)

where

M(Ee) = CarJet1/2(E€) = sard_c—1/2(Fe) B SaRJey1/2(E€) — carJ_c—1/2(Ee) (4.8)
caLJe—1/2(E€) + sarJ_ci1/2(Fe)  SarJe—1/2(E€) + card_cy1j2(Fe)

For ¢ < 1/2, we can expand the Bessel functions for small argument, Fe < 1, as in
section f. The local terms, dominant for ¢ < —1/2 (dy > 5/2) are:

142¢ Ec-|-1/2(‘E€)

Se1ja(Be) (V07 PV~ %07 PX0) (4.9)

Liocal = €

where we have rescaled 1y and yo by a factor R~2¢*¢. Note that in the local terms the
mass p cancels out: the conformal breaking is generated in the IR, and it does not affect
the UV physics. The non-local part is proportional to

S - c 1 /s c
B <LL (oo - piho) — 2L (%05 px0) + 5 (LL - LR) e (Yoxo + h.c.)> (4.10)
Cal SaR 2 \ CaL SaR
and, if we normalize the two kinetic terms properly, i.e. sor/Cal, = —CaRr/Sar, We can
rewrite it as
c ~ B2 v here o= [ 0 411
non—local 0(/{9 + ,u) 0, where 0 T,Z_)O . ( . )

The corresponding propagator coincides with eq. (.2) with df =2 —c.
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4.1 Stability of the AdS geometry in the IR

A bulk scalar field with a VEV that grows with z can provide an effective IR cutoff for
unparticles in AdSs, preserving the continuum spectrum, typical of an unparticle, for
momenta larger that the IR cutoff. This behavior has to be compared to the traditional
Randall-Sundrum approach [T, where a brane is used to cut-off the space at large z:
in the latter case a mass gap is introduced and the spectrum reduces to a series of KK
resonances spaced by a mass scale « 1/zrg. As we have seen above, a simple model of an
unparticle IR cutoff is achieved with a linearly growing VEV for fermions and a quadratic
one for scalars. However, the growing VEV will, at large z, destabilize the AdS geometry
and its back-reaction will eventually cut off the space and possibly reintroduce a mass gap.
Our description of the model is therefore safe only if such effects appear at a scale much
lower than the IR cutoff u, i.e. zrp < 1/p.

In order to address this issue, we will cutoff the space at z;yg by hand and push this
brane to the largest possible z. In 5D the strength of gravitational interactions are given
by the inverse of the third power of the 5D Planck scale, M 3. The curvature of the AdSs
bulk is [R1]

M3

A=-24 (4.12)

and classical solutions for the metric should be a good approximation as long as

R>

. 4.13
T (1.13)
With a scalar VEV for H growing in the IR like a power, i.e. u22/R? and its size controlled
by a potential on the IR brane at z;p, there are contributions from brane terms ~ p?H?
to the stress-energy tensor that grow in the IR like

2 45 ZIR\ 2 ,u4

V=9909unN

For stability we need this contribution to be small compared to the contribution from the
bulk curvature:

2
gMN A = pMN (%) A, (4.15)
thus we require
4 3
o 5 24 M*
REIRS TR

1/5

1
2IR <K p (24 R* M) (4.16)

]

As long as p is sufficiently small compared to 1/R then eq. (f.1) is consistent with

1

— 12 —



In this case the spacing between KK modes introduced by the IR brane is tiny compared
to the mass gap u. For example with M, = 10 GeV, R~ = 10° GeV and p = 100 GeV
we have

1
— > 1078 GeV, (4.18)
ZIR
so that the minimum spacing between the modes can be 10?° times smaller than the
threshold p. This would be a very good approximation to a continuum.

5. Gauge interactions

A method for adding gauge interactions for unparticle fields was proposed in ref. [f] (see
also refs. B9 for a discussion on gauging unparticles). In this section we will study how to
reproduce the same results in the context of an infinite AdS space: the natural choice would
be to gauge a global symmetry by adding a bulk gauge field. It is well known that such
a gauge field corresponds to a vector operator of dimension 3 (i.e a conserved current) in
the CF'T theory. However, due to the conformal invariance, the associated external gauge
coupling runs to zero in the IR due to a logarithmic dependence on the momentum in the
propagator. Moreover in the 5D description the zero mode gauge boson is non-normalizable
as its normalization is proportional to the volume of the space: in order to have a realistic
description of ordinary gauge interactions we need a way to effectively cut off the space
without introducing an IR brane.
One possibility is to add a dilaton factor ®(z) in front of the kinetic term:

1 o0
——/ dzdz <§> () FMNEG . (5.1)

4g§
The spectrum still contains a flat zero mode, however the relation between 4D and 5D
couplings changes. For a dilaton background that falls sufficiently fast for large z, the 4D
gauge coupling can be finite. As a particular example consider

O(z)=e M. (5.2)

In this case we have

1 52 e %[Em—moo) — Ei(—me)] ~

—vg — log(me)]| . 5.3
=n) T | me)) . (53)

Sl =

Remembering that the UV cutoff scale is Ayy = 1/e we see that the approximate CFT
corresponding to this dilaton background contributes to the running of the gauge coupling
from the cutoff A down to a scale m e72. This is just what we expect if the CFT unparticles
that couple to the external gauge boson have a threshold near ;4 = m e7®. In other words
the space is effectively cutoff near z = 1/u = e~ 72 /m and the 4D gauge coupling is

1 R AUV >
—z—m<——. 5.4
9 g [ 54)
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If we took u — 0 we would find that the 4D gauge coupling ran to zero and the gauge
boson zero mode would be non-normalizable.
The equation of motion for the gauge field in this dilaton background is

7= (m+ 1) )+ =0 (5.5)

This equation can be solved in terms of confluent hypergeometric functions (more details
on the solution can be found in appendix [B). In the large z region it is easy to see that
the approximate solution is exponential for 0 < p < m/2 and oscillatory for p > m/2.
Therefore we expect the two point function of the corresponding CFT operator to have
a massless pole and a cut for p > m/2 corresponding to the logarithmic running of the
gauge coupling for large momenta where the conformal invariance is recovered. In order
to see this, we can study the spectrum of the gauge field in presence of an IR brane at
z = zrr > 1/m. The spacing between the zero mode and the first KK mode is controlled by
the value of m; the first KK mode appears near p = m/2 while the spacing of the remaining
higher KK modes is determined by the infrared cutoff z = z;r. The low-lying KK modes
should correspond to the spin one bound states of the massive degrees of freedom. The
spacing of subsequent modes is, as usual, Ap ~ 1/z7x. Since the 4D gauge coupling (f.4)
is independent of zrg if z7r > 1/m it is clear that we can take zrg to be arbitrarily large
and recover the continuum above m/2.

We can now consider the interactions of the gauge zero mode with the fields in the holo-
graphic boundary action. 4D gauge invariance requires that we replace the 4D derivative
in the EOMs with

8 — Oy — iga T A, (5.6)

where g4 is the 4D coupling defined in eq. (p.3). This corresponds to minimal gauging
of the holographic Lagrangians, and allows one to calculate vertices with an arbitrary
number of gauge bosons. To calculate the effective vertices, one should solve the bulk
EOMs of the matter field including the bulk interactions with the gauge zero mode, which
can be considered as a background field because its wave-function is constant in the extra
dimension. To find the single gauge boson vertex, however, we can use the solution for the
free bulk EOM: since the bulk gauge interaction is already first order term in the gauge
field. So we can simply propagate these boundary fields into the bulk and integrate over
bulk gauge interaction. This integral will give the exact gauge vertex for the holographic
action. More explicitly, in the case of a bulk scalar, we must calculate the integral

/ dz (;i])’ 8 (‘21:?4 <§>3<8M¢T(p+q,z)T“A“M (¢, 2)6(p, 2) +h.c.> . (5.7)

This gives the interaction term with the gauge zero mode to be:

S [ o2 L9 oy [T i (B (000t 1) 63)
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which just yields the usual unparticle vertex [ for the canonically normalized gauge field
after we expand for small momenta (pe, ge < 1):

163 Sint
5 A (q)d¢ (p + q)0o(p)
. 2sindsm (2p + q)°
Ag, 2p-q+ q>

igl'*(p,q) =

= igyT [(uZ —(p+q?) " = (2 —pz)z_ds} . (5.9)

6. Unparticle production cross-sections

In this section we want to discuss the unparticle production cross-section via gauge inter-
actions: this would be especially relevant for the LHC in the case of colored unparticles [H].
A simple way to do the calculation is to gauge the holographic boundary action and cal-
culate the imaginary part of unparticle loop contributions to the gqq — gq scattering: this
would give the inclusive cross-section of gg — unparticles (a calculation along similar lines
can give the gluon fusion contribution). If we neglect the contribution of the logarithmic
running of the gauge boson coupling (the IR cutoff m can be arbitrary large), the result
for scalar unparticles of dimension d; is simply given by [4]

oq, = (2 —ds)oy, (6.1)

where o1 is the ordinary cross-section into a pair of scalar particles (limit ds — 1). This
result makes sense only for ds < 2: if we naively extended it to larger dimensions we would
find a negative cross-section.

This paradox is strictly related to the fact that if we wish to extend the unparticle
analysis to ds > 2 we find that the spectral density integration in eq. (B.9) is divergent. In
order to get the finite result in eq. (B.9) with the proper scaling, we need to subtract some
terms from the integral. For instance, for 2 < dy < 3 we must subtract a constant term:

Ad, [, 2vda—2 i i 2
A 2 s = > M=)% - M
(P2 <d, <3) 27r/0 (M) Pt -2 )?
Adg oo oy [T 2nde—3 i 2
= —= M*)%s dM
o (p +Z€)/0 (M=) P2 — M2+ ie
A, 2, i
~ 2sin(ds — 1)7T(p +ie) (—p? — 16)2—(ds—1)
Aq, i

= . 2
2sin dsﬂ' (_p2 — 7:6)2_d5 (6 )

In general, for larger dimensions we need to subtract a series of terms with increasing
powers of p?:

— M=)% — — — ... ) dM~. .
2 /0 (M) p2— M2 4ie —M? (—M2)? d (6.3)
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Thus, in order to get the unparticle propagator with the proper scaling for d; > 2, we need
to subtract a local (divergent) piece from the integral in eq. (B.9):

A A2 . a2
Alocal(p) = b /0 (M2)ds_2 ( ! + ‘P + .. > dM2

o M2 (SRR
iAd 2d.—4 1 pQA—Q
= — A% - e A4
2m ds—2 ds—3 * ’ (6.4)

where we have imposed a UV cutoff on the momentum integration.
This corresponds directly with what happens in the 5D picture: the scalar 2 point
function can be split into a local and non-local term

As(p) = Alocal(p) + Anon—local(p) ) (65)

in analogy with eq. (R.1§) for fermions. For d, > 2 the local terms are divergent as the UV
brane is removed, € ~ 1/A — 0. Thus for 1 < ds < 2 we can write an effective action for
scalar unparticles, which in insensitive to cutoff effects, using the propagator (B.9). The
fact that conformal symmetry is broken in the UV is unimportant, and all the local terms
associated with such breaking can be removed by sending the UV cutoff to infinity. For
ds > 2 however, it is not possible to consider the conformal sector alone, without including
the local terms in the propagator, which are sensitive to cutoff behavior. In this case the
theory consists of a continuum of states (unparticles), peaked around a mass scale 1/e, plus
some local contact terms induced by the local part of the propagator in eq. (p.5). If one
removes the UV cutoff, i.e. € — 0, the (ds > 2) unparticles decouple: this explains why for
ds — 2 the cross-section goes to zero (or to a small number suppressed by the UV cutoff).
For ds > 2, we expect the cross-section to remain small and suppressed by powers of €. In
order to see this, we need to consider the full propagator in eq. (6.5) (while in ref. [ the
non-local term only was considered). The interaction vertex with one gauge boson would be

I*(p,q) < (A7 (p+q) — Ay (p)) (6.6)

_ — Anon— oca, (p + Q) Anon—local (p)
Al — Al - focal - .
( local(p + (]) 1ocal(p)) ( A%ocal(p + q) Alzocal(p) + ’

where in the expansion we have used the fact the the local terms are dominant. If we want to

calculate the cross-section for the process g¢ — unparticles we need to calculate the imagi-
nary part of the gauge boson propagator dressed with a loop of unparticles. Such imaginary
parts can come from taking either local or non-local terms in the propagator and the vertex:
however, at leading order when taking the local terms only, there is no imaginary part be-
cause the propagators do not have poles and the vertices are real. Thus, the dominant term
will come from taking the local part of the propagator and the non local part of the vertex
or vice-versa. The dominant contribution to the imaginary part comes from terms like

Anon—local>2 2\2ds—4
—— | ~ (7). 6.7
< A1003,1 ( ) ( )

This is telling us that, for d, close to 2 and ds > 2, eq. (b.1]) should be replaced by a more
complicated function of the cutoff, which however is very suppressed if the cutoff is much

— 16 —



//

Figure 1: Forward scattering of ¢g through a gluon with a fermion unparticle vacuum polarization
loop. The imaginary parts of those diagrams contribute to the inclusive unfermion production
cross-section.

larger than the energy of the experiment. Thus, in first approximation, it is correct to take
eq. (B.1) for ds < 2 and zero for ds > 2. Trying to extrapolate eq. (B.1) to ds > 2 is, as we
have shown, meaningless.*

6.1 Fermion unparticle cross-section

The calculation of the inclusive g§ — fermion unparticle cross-section is very similar to the
scalar case in [, the only difference being that the vertices are more complicated. The
same two types of diagrams in figure [[] contribute due to the fact that the non-local action
contains couplings with an arbitrary number of gauge bosons.

The fermion effective action can be written as (see eq. (B.16)):

2COS df7T d4p - 2 2 3/2—d
S = _ — fa . 6.8
o /(%)4 P — ) [0 =17 V¥ (6.8)

After gauging such non-local action, we find the following vertex with one gauge boson
. av . a v 2cos dfﬂ' 1 2 2 3/2_df 2 2 3/2_df
igl'y (p.q) = ig Ty Aig[(u —(r+9)°) + (e - )] +
dp—1/2

ot (4 -n) @+ ) Fipa), (6.9)
where

_ 2cosdym (1 —(p+ q)2)3/2_df — (2 - (p)2)3/2_df

- 6.10
Adgy-1/2 2p-q+¢? (6.10)

Fr(p,q)

The vertex with two gauge bosons is more complicated, and we relegated it to the ap-
pendix [, where a more general discussion of unparticle gauge vertices can also be found.

It is easy to check that such vertices do respect the (generalized) Ward-Takahashi
identities [P4] and they reduce to the usual vertices in the dy — 3/2 limit (in particular
the two gauge boson vertex vanishes — see appendix ().

4This contradicts what is advocated in ref. [@]
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In the massless limit, p — 0, the imaginary part of the two diagrams give the following
contributions to the cross-section:

o4, 1, 84 31, 5. 33

9dy e S . Sl Sy Pt 6.11
OF |diagl 37 3f+6 R T (040
9dy SR U Bt ST P 6.12
TF |gings 33 T3 T Y T e (6.12)

where we have normalized the results with the cross-section into two massless fermions,
op. In the limit dy — 3/2, the first diagram will reproduce the usual result, while the
second one vanishes. Summing the two contributions we obtain

11

3
04,(qq — unfermions) = <—§d% +—dy —

S5 ) xortag— £D). (013

8

As in the scalar case, a non-trivial cancellation between the two diagrams removes higher
powers in dy. However, unlike in the scalar case, the cross-section does not vanish when
the dimension reaches the critical value dy — 5/2, but it is actually reduced to a half
of the particle one. In the scalar case the cross-section vanishes for ds = 2 because the
scalar unparticle becomes non-dynamical and all the couplings with gauge bosons vanish
individually: this is not the case for fermions due to the non trivial spinorial structure of
the couplings and of the kinetic term. However, when dy approaches the value 5/2, the
propagator becomes more and more UV sensitive and the action in eq. (.§) cannot be used
anymore: the local terms in the propagator suppress the cross-section more than eq. (6.13),
as we explained in the scalar case.

7. Conclusions

Unparticles were originally proposed as a candidate for new physics at the LHC that couples
to the SM only through irrelevant operators. The possibility that unparticles carry SM
gauge quantum numbers is particularly interesting, as it can enhance the production cross-
section via strong or weak interactions (compared to higher dimension operators) and give
rise to new interesting signals in the ATLAS and CMS detectors (compared to just missing
energy). However, the early work on unparticle physics left many theoretical issues that
had not been sufficiently clarified in the literature. For large scaling dimensions (ds > 2 for
scalars and dy > 5/2 for fermions) the unparticle propagator is UV sensitive. Even though
the resulting phase space is regular, other calculations that make use of such a propagator
can give nonsensical results unless care is taken.

Comparison between the AdS description of a CFT and the unparticle description al-
lows for a simple way to deal with complicated issues like gauge interactions for unparticles.
In this paper we showed that AdS theories without an IR cutoff are equivalent to unpar-
ticles, in the sense that CFT operators corresponding to bulk fields have the same scaling
properties and propagators as unparticles. It could not have been otherwise. Moreover, we
showed that holographic boundary actions can be used as effective actions for unparticles,
and that they reproduce the proposal in [ for scalars with 1 < d, < 2 (and, in the case
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of fermions, 3/2 < dy < 5/2). For larger scaling dimensions, local terms in the boundary
action appear that are enhanced by powers of the UV cutoff A (which is inversely propor-
tional to the position € of the UV brane in the extra dimension). Such terms correspond
to the UV sensitivity of unparticle propagators. These terms do not contribute to the final
state phase space, however they cannot be neglected in the propagator and they give rise
to effective contact interactions. We also showed that, taking them into account, the cal-
culation of the production cross-section via gauge interactions can be extended to dg > 2
and that the cross-section is cutoff suppressed in this regime. We also presented the result
for fermion unparticle production, which shows a very similar behavior.

Unparticles can also shed light on AdS theories. We used unparticles as a guide to
develop new results in AdS field theories. There is a very simple way to introduce an IR
cutoff for unparticles which preserves continuum behavior above a threshold. We showed
how to reproduce this behavior in AdS with a bulk VEV which grows in the IR. This
provides an alternative to the usual Randall-Sundrum constructions with an IR brane
producing a hard IR cutoff. The new IR cutoff introduces a mass gap, but without the
discrete KK tower which is associated with confining theories. We studied two simple cases
of a bulk VEV with a profile growing towards the IR, one with a quadratic profile which
produces a threshold for a scalar field and a linear profile for a fermion threshold. The
back-reaction of such a growing VEV will eventually modify the geometry and effectively
cut off the space, however this can happen at much lower scales so that the continuum
approximation is still valid.

Finally we addressed the issue of gauge interactions for unparticles. In the AdS de-
scription without an IR cutoff, there is no normalizable zero mode, corresponding to the
fact that the gauge coupling for a gauge boson which gauges a global symmetry of a large
N CFT runs to zero in the IR. This effect can be thought of as the result of a mixing
with CFT states with the same quantum numbers as the gauge boson and with arbitrarily
small masses. However, if we consider an AdS theory with a dilaton factor multiplying the
bulk gauge action then if the dilaton profile falls sufficiently fast in the IR the running is
effectively cut off at some threshold scale and only the ordinary massless gauge boson is
left at low energies. Moreover we showed that the couplings of the massless gauge boson
to the unparticles (boundary values of bulk fields) will respect the minimal coupling pre-
scription used in [{]: we therefore calculated the inclusive fermion unparticle production
cross-section (relevant for the LHC) which shows similar properties as the scalar one.

Note added. While finishing the write-up of this paper we noticed the paper in ref. [R5
which attempts to consider gauge interactions of unfermions, however the propagators
used in that work are not consistent with those found in the AdS/CFT correspondence.
Moreover, the effective action the authors use is different and, in particular, it does not
have a d-dependent power in the momentum.

Acknowledgments

We thank Hsin-Chia Cheng, Markus Luty, Michele Redi, Matt Reece, and Jesse Thaler for
useful discussions and comments. GC and JT thank the Kavli Institute for Theoretical

— 19 —



Physics in Santa Barbara, CA for hospitality during completion of this work. This work is
supported in part by the US department of Energy under contract DE-FG02-91ER406746
and in part by the National Science Foundation under Grant No. PHY05-51164. JT
acknowledges the hospitality and support of the Radcliffe Institute for Advanced Study
during the completion of this work.

A. IR cutoff for fermion fields in AdS

The bulk action for the two bulk fermions is:

z

R\*'( _ . .
Shulk =/d4$dz (—) { —iX1/RO"OuXL/R — WL RO OWVL )R

+%(¢L/R<5—z>XL/R—>ZL/R<3—;ZZ_)L/R)+%WL/RXL/R‘FXL/R?ZL/R)
+ @ (VxR +VYRXL + XLUR + XRwL)} : (A.1)
The EOMs can be solved by
Xtk = 91/r(2) xa and ¢ g = fr/r(2) Y, (A.2)
where the wave functions g7, and fr g are the solutions of
() o2 () (%) -0 (a3

IL Lfcp—2 v g\
() Pt ()| () o

We can now determine the f’s from eq. (A.4) and plug it back in eq. (A.J) to find second
order equations for the g¢’s:

2., .2 . o
[8§—é82+p2—i< vi4c; —cp—6 v(ep+cg)+v vz)] <9L> _0. (A5)
z

22

viep, +ceg)+v—v'z viP+ch—cp—6 IR
If ¢, = —cg = c and if the VEV is linear in z, v(2z) = pz, then the two equations decouple:
L = PP} (A6)
A similar equation can be derived for the f’s:
[33 — gﬁz +p* -y - Czi#] fLir=0. (A7)

Defining E = \/p? — p2, the bulk solutions are:

gr.r = 2% (ap T ver1/2(E2) + bpypderj2(E2)) (A.8)
for = 2""? (a/L/RJ:I:c—l/2(Ez) + b/L/RJ$c+1/2(Ez)) : (A.9)
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Imposing the first order egs. ([A.3) (or equivalently eqs. (A4)), we can determine half of
the parameters in the solutions:

a’, —ub

pbr, + By, — pajp =0 N asziLE“R (A.10)
par, — B, — publy =0 bL:_pr_% ’
pbr + EblL - ,U(I/L =0 N (IIR = paR;MblL , (A.ll)
par — Edp — pb; =0 b}z:_pbf‘_%

The BCs on the UV brane
Yr(e) = o = fovs, and xr(€) = X0 = goX4,

will determine the overall normalizations
ar \ _ e gy CaR (A12)
br saRJe—1/2(E€) + card_ci1/2(Fe€) \ sar
a\ _ e fy Sal (A13)
blL CQLJC_l/Q(EE) + SQLJ_C+1/2(EE) Cal,

After imposing the EOMs in the bulk, we are left with a boundary action

R\* _
Sty = [ 0 () 5 000010(0) + gm0 Fule)) [baxa + xoii] - (A1)
Plugging in the solutions, we obtain eq. ([.7).

B. IR threshold in the gauge sector

In presence of the dilaton factor in eq. (5.1), the EOM for the gauge boson becomes

e - (2-F) 1e+ e =o. (B.1)

z

If the dilaton decreases with a power of z, the solutions will still be Bessel functions and
generate a continuum all the way down to zero momentum. Therefore we need a faster
decrease, an exponential, in order to get a completely different spectrum. If & = e™™%, the
EOM is

7= (Lm) 1)+ =0, (B.2)

for z < 1/m the solutions are exponential functions, while for z > 1/m we obtain the
usual combination of Bessel functions. The equation can be solved analytically: first we
can rescale the solution

f(z) = 23 (mVmEE) gy (B.3)
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such that g satisfies the following equation:

\/m2—4p29 /m?2 — 4p? 2 2 /m2—4p?

After a change of variables y = y/m? — 4p? z, we recognize this as a confluent hypergeo-

) g(z) =0. (B.4)

metric (or Kummer) differential equation:
m
2y/m? — 4p?

whose solution is a combination of confluent hypergeometric functions.

3
vg"+ (B3 —y)gd —ag=0, where a= 3 + (B.5)

The form of the spectrum can be inferred by the exponential prefactor in eq. (B.J): for
p < m/2 it is a real exponential, therefore only the zero mode is present at low energies; for
p > m/2, the square root develops an imaginary part and the solution becomes oscillatory,
therefore producing, above m/2, a tower of KK states with spacing given by the IR brane.

C. Summary of Feynman rules for unparticle gauge interactions

In this appendix we will summarize the Feynman rules for unparticle gauge interactions.
We will start with the scalar case, already discussed in [H]. The effective action for
1<ds<2is

2—ds

2sindgm / d*p
(

Secalar = — - 7)1 o'(=p) (> = p*]" " o(p) . (C.1)

S

Minimal gauging applied to this non-local action [f, [ gives the following vertex with one
gauge boson:

igT% (p,q) = igT*(2p" + ¢") Fs(p, q) , (C.2)

where the dependence on the unparticle propagator is embedded in the function F, defined
for scalars as:
. 2—ds 2—ds
 2sindgr (12— (p+9)?)T " — (W2 1)

Fs(p,q) = ) C.3
() = =4 TR (C3)

The vertex with two gauge bosons is ig? T (p, 1, ¢2), with

Fg“’b” = (T“Tb + TbT“) g Fr(p,q1 + q2) +
(2p” + ¢5)(2p" + i + 245)
@ +2p 1+ 21 g2
2p" + i) (2p” + ¢¥ + 2¢7)
@G +2p @2+ 291 g2

ToT? (Fr(p,q1 + a2) — Fr(p, q2)) +

TbTa (

In the ds — 1 limit, s — 1, and we recover the usual scalar vertices

igTly = igT (2" +¢"), and ig’ T ) =ig* (T°T° + T'T")g" . (C.5)
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In the fermion case, the effective action for 3/2 < dy < 5/2 is

2cosdsm d*p _

Stmion = 4 [ B ) (b= m)lm® — AP ) (€
di—1/2 (

The gauge vertices are more complicated, however they can be written in terms of the

scalar ones. The correct dependence on the fermion dimension is recovered replacing F

with the following function

2cosdym (,u2 —(p+ q)2)3/2_df _ (M2 _ (p)2)3/2_df

Frp,q C.7
$p.0) = Ady—1/2 2p-q+¢? (©7)
For the one gauge boson vertex the result is
) ) 2cosd 7r1 3/2—d 3/2—d
igT% (p,q) = igT%" 2= [(u —(p+ )Y 1 (- p?)Y f}
Ag; 172
=1/
A :
+ (1) +5 —u) gl(p,g) . (C.8)
The two gauge boson vertex can also be written in terms of scalar vertices
A+ A ,
ig? T (p.q1,q2) = (1) + S ) i T (0,1, 0)
1. 1.
+57 i T (p, a2, 1) + 577 ig* T (p. 1, ), (C9)
where T is given by:
Db (p, k1, ko) = TT® (20" + kY) Fy(p, k1) +
T°T® (2(p” + KY) + kY) Fy(p + ko, k1) (C.10)
In the particle limit, dy — 3/2, we find that 7y — 0 and we easily recover the usual fermion
couplings
. . b
zgf‘}'fdf:?)p) =igT*", and ig Fa’(‘dfu 32y =0 - (C.11)

As a non-trivial check of our results, we can verify that the vertices do respect the
Ward-Takahashi identities [P4] in the abelian case:

igauT)(0,0) = 9 (A7) = A0 +a)) | (C.12)
ig” s (a1, a2) = g <ig LY+ a1, q2) —ig Ty (p, Q2)> : (C.13)

where we have suppressed the group indices and set 7% = 1. In the non-abelian case, the
vertices respect more complicated relations:

ig L3¢ (p,q) = gT° <A;/f( ) — As_/lf(erq)) , (C.14)
ig? a0 (0 a1 a2) = 9 (i T (0 + 01, 02) T = ig T* T 1 (p g2) ) +
9f™ igTy (o a1 + q2) - (C.15)
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